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The Scattering Matrix

Motivation for introducing the SM:

(1) The open and short circuit required for the Z and Y parameters cannot usually be
implemented in actual high-frequency measurements (parasitic C and L);

(2) There may be biasing and/or stability problems for active devices. Hence, it is
preferable to measure the two-port under its actual operating conditions;

(3) At microwave frequencies, V and I are hard to measure; only power and phase are
detectable.

(4) Always exist.

D.M Pozar, John Wiley; Microwave Engineering

A photograph of the Hewlett-Packard HP8510B Network Analyzer. This test instrument
is used to measure the scattering parameters (magnitude and phase) of a one ore two-port
microwave network from 0.05 GHz to 26.5 GHz. Built-in microprocessors provide error
correction, a high degree of accuracy, and a wide choice of display formats. This analyzer
can also perform a fast Fourier transform of the frequency domain data to provide a time
domain response of the network under test.
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Definitions

We shall use variables, which are directly related to power. The inputs (incident signals)
are related to the known maximum available power of the generator at the port; outputs

(reflected signals) are related to the actual output power at the port.

Assume resistive terminations Ry at all ports, with or without a generator Ey. The actual

port variables are Vi and I, considered peak value phasors of steady-state sine-wave

signals.

R,

E, Vi

N-Port
(N=3)

Associated direction

Rs

E; V3

We define the following hypothetical quantities:

Incident voltage Vi at port k: the output voltage Ey/2 of the generator at port k under

matching (max-power) conditions.

Incident current [k at port k: the output current Ek/(2Ry) of the generator at port k under

matching conditions.

) ) |%
Incident wave signal ay at portk: a, =4V, [, = LI I,+/R,
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Reflected voltage Vi at port k: the difference between the actual and incident voltages;

Vi = Vi-Vik. If there is no generator, Vi« equals the actual voltage at port k.

Reflected current I at port k: The difference between the incident and actual currents

(notice the sign difference!); Irxk= lik-Ix. If there is no generator at port k, Ix=-Ix. Vix=Ril.

Reflected wave (signal) by at portk: b, =4V, [, =V / \/R_k = Irk\/R_k

Hence | by |* / 2 = VeI /2. If there is no generator, this is the actual power exiting at port

k.

As will be shown, the actual power entering at pork k where there is a generator is
[la, P ~1b, P]/2.

Scattering Matrix S connects the column vectors a and b formed from all incident and

reflected signals: b=Sa

From this definition it follows that the Im element of S is given by

b _ ViR ViR
a, E,(2R,) E/(2R,

Where E, =0 is set for all k= m.

S, =

m

, l=m
)

| Sim |* has a clear physical meaning:

, P, actual power leaving port |
T

P

max m

maximum power from port m

E=0 for k= m.
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For the diagonal element s, with the only generator E;.

Z
VI=EIZ IR
Y R, I|
1
+
Which gives E 7 | v
1 |,‘>| 1
| -
ﬁ=s =ZI_RI |
a, " Z+R,

Reflection Coefficient at port I:

Gives the ratio of the reflected and incident powers. The power entering port | is therefore

given by:
Pz = Pi] _Prl =Pil[1_|Sll Iz]

Noted that the scattering relations given above describe not only the N-port (like e.g., the

open-circuit impedance equations) but also its terminations and sources.

Scattering variables
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V -RI

By KVL, E=V+RI pE=V-RI= E

V +RI

_V-RI _Z-R
V+RI Z+R

So p the Reflectance (Reflection Coefficient)

By superposition:

V-RI

1 1
=—(V+RI V==V -RI
l 2( ) r 2( )
1 1
I.=—(\V +RI I =—(V -RI
=gV HRD =2V KD
V:=RI V,=RI,
We define:
Incident signal =a = /V I, Reflected signal =b =4V I
1 1
=RV, =R,

1 1

= R?I, = R,
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1 L 1 1
a=E(R 2V+R21) V=R2(Cl+b)

1 L L 1
b=E(R 2V_R2I) I=R 2(a—b)

Given that V=7

1 1
R2>(a+b)=ZR *(a-b)
1

1
at+b=z,(a-b) where Z, = R *ZR?
(Z, +Db=(Z, -Da

b=(Z, +1)7(Z, -1a
b=3Sa

where S=Z,+)7'(z, -1 =p=(Z-R)(Z+R)
If the 1-port is passive, Z & Z, are positive functions.

1.€. Re{Z} >0 for 0=0 & the same for Z,

Then S satisfies IS| = 0 for 0=0

S is then called a bounded function

Z, 1s positive iff S is bounded.
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Power relations

The active power absorbed by the 1-port is
W, = lRe{}Vez"’} _1Rela- B)R_%R%(a +b)e™
“ 2 2
L Re{(a -b)(a+b)]
2

1 - o
- e Re{(aq ~ bb) + (ab - ba)}
Real Imag.
1 20t 2 2
W, =e {laf ~107}

Sinceb=Sa & |b]*=|S|*|a]*

1
W, =" (-1SF)laf

In the harmonic state 6 =0 & W, =P
=l(1—ISI2)IaI2
2
P is a maximum when [S?=0 ie.Z=R

So P lal’ is maximum available power from source.

1
max 2

Hence P = (1- |SP) Pnax
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N-port case
AWV A
Rk Ik - Rk
v C‘*
\fk+ EhIk R e Vk- Rka

V =n-vector of port voltages
I =n-vector of port current
R =diag (R}, Rs, ....R,) &R’

1 1 1

1
R = diag (R2,R?,...R?) &R

SE

Exactly as in the 1-port case

1 1 1
Q=%(B_2K+BZZ) V =R2(a+D)
1( 1 ! l
b=j¢¥K—Bd) I=R2(a-b)
1 1
Vi=R2a [;=R2a
1 1
V. =R2b [, =R"2b

The scattering matrix is defined by

b=Sa
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Relation between E and ;

V=2l
1 1
R:(a+b)=ZR 2(a~b)
1 1 1 1
a+b=R2ZR2(a-b)=Z,(a-b) Z,=R2ZR
(Z,+Db=(Z,-Da

b=(Z,+)7'(Z, -Da

S=(Z,+)7(Z,-)=(Z,-D(Z, +D"

S=(Z,~-)(Z,+D)" =(Z, +1-2)(Z, +])"

—1-2(Z,+)7 =1-2%,,

Where

1 1 1

1
Y, =(Z,+)" =(R2ZR2 +R2RR2)”

- [5‘3@3)3‘3}_

1 1
=R2(Z+R)'R2 (Normalized & augmented Y matrix)

As Y,, and hence Yy, always exists for any well-defined

n-port, it means that S also always exists.
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Examples

Ideal transformer

2
1 n, -nn,

& = p 2p 2

L+ Ry [ -nn, 0

2
v 1 n5R, -n,n,+/RR,
an = 2 2 2
R, +nR, | -nn,~/RR, nR,

n’R, -n’R, 2nn,+[RR,
2nn,A/RR, niR -n/R,

1
an = 2 2
n;R, +n/R,

If +-=—%  or n/R =nR,

Scattering Matrix 85
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Alternative method

MernTipe { Acdead ﬁmW)

Sy = 2R lo/rRe =R, _ ni %, - nZR,
Zy + R ( Yepa+ R, PR +nZ R
Q'$2;W/2ﬁz

2
_ n. \y = P2 CUSN
g \/’Z/V—é_;, ——:--—ﬁT \f—é__l; n, Ei E‘l T (n(/ygzzz \/—é

- 5 ne €2
5., = bz _ o |[FL N N s _ 2nna iR

2] o) EZ Vl). nZR., -kh; E, B de +;¢22‘
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Going back to

§=(z,+1"'(z," -1

(LS SN U I NS SRS B S ¥
=|R2ZR 2+ R 2RR 2} [R 2ZR 2 —R 2RR 2]
[ 1 RN 1
=|R 2(Z+R)R * R_Z(Z—I_i’)lﬁ]
1 11 L
=R>(Z+R)'R’R*(Z-RR 2
1 1
S=RX(Z+R)(Z-RR?
Normalization
1 1
R2ZR2 =7,
Divides row i by \/E Divides col j by 4/R;

i

@, j)™ element of Z, is
=™ JRR,




ECE 580 — Network Theory Scattering Matrix 88

Gyrator

R; Rz :

s _|® -R]" 1 R, R
<" |R R,| R*+RR,|-R R

y o1 RR,  R+|RR,
“ R*+RR,|-R\RR, RR,
1 R’ -RR, -2R\RR
§=1-2Y, = =
R*+RR, |2R\/RR, R*-RR,
If RR, =R’

Then S = [0 _1] Note: We do not require R;=R,=R
- 11 0
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Direct calculation:

€
%
E
R2
Z, =—
R2
vop b ER’ v - E
= = ’ 1=~ a =
""" Z+R R*+RR, 2 ' 2R

b =V, /\[R =(V,-V,)/{R,

S _b _R-RR,
"“ a4  R+RR,
E
V,=V,=RI =R
R +7Z

To find S1» & Sy, move E is series with R,

Then, R1 <> Rz, R— -R, hence Szz = Sll, Slz = -821

Scattering Matrix 89
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ECE 580 — Network Theory

. r

Z/1=R NZUZ-(Z+TINZHNZ)=ZV UM~ AR+ W= AV Y- By =4l gz —mguz = Z]

] ¢4
a i = o a
X ny Eetig + (%5 + (Vg — 1)
a i =z . z
mm\_“n. _u_n Tigtig ~ Aqm_..,a..unxzm D 2
g 1~ 7] WShg — (%5 + DS+ D 2 €
v . L. 4 itgz
- iz Yigtig ¥ (@8 — D05 + 1 ¥
q - 5 Izl RGTlg ~ (TG + )N + [)
M 4 iy Tty + (25 = X1 + DA |
- 11,
£ e .,rm._” Rgtis A__M.M._x gD, |
. 1z igug — (78 + 1)(!§ +
T " Tgm e ey | W
g p i 1zl lgtig — (Bg + Mg+ 1),
a * ug Refg + (@g + (g~ DA | A
e 1Al & gty — (Bg — (g ~ 1),
a (__s_ * Tt A F g~ 2 | Z
o) A 1tgTig — (g — (Mg — 1)
T - 'z e it oz 1y
o) 1£ Qg — (%g — [XNG ~ 1)
od - av NIMM__:; "z £ Be e W
2 1A 1tgTg — (T — (NG — |)
v g ed ghg + (s — g D 2 | 2
a+°20+°2/g+v. AV VA um ag\,
a+2o-z/a+v- L+ (=~ WOR+0 | "282 - (07 -~ B2)(%Z + 12) .
a+%2zo+%2/a+v AV PAY g
z Ritaz- Sg1zT s
a+zo+'z/aty AV YA ug “
g -ave Roxz— oz0z7 s
a+%2o+%2Z/a+y AV - A g 4
a-2zo-z/a+v L+ (X + (K- %) | g0z — (07 + BZX0Z - 11Z) i
_aoav A z s
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Find the scattering matrix S(s) of the circuit shown using direct analysis.

(Note: the circuit is the same as on p.74 of the notes.)

e I 1H ihn L,

AAAA,

From the circuit,

35  +9s5% +25+3
Zl= 2
35 +9s+1

_Z-R 357465 -Ts+2
" Z 4R 38 +128 +11s+4

By circuit analysis,

3E

— 8l -
2 35841287 +11s+4

s, =25 Var 243
2 R, E, 35" +125°+1ls+4

V2r
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Method of using Y,

Scattering Matrix 92

=1/
'A—Q, +sl,+ Ilsc l /o
,ya 1/s8C R, +sly, + l/sa
- [t 35 E.é
. ot 2+ 5+
Yo = '3s+9s+; -
e 35 H2S HISHE 735435 ¢+ |

Yo =

AN

5= 1

"39"+?5+l -3 7
3s+125+1/s+4 -(z  95%95+3 |

o >/ _ | 35‘5»%52.7_;*2 2/3
o (an T A era 3 )

~ 3STHISH | [S+4 2(3 35=-4s-75-
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1. The twoport shown operates between two 50-ohm terminations. Its scéttering
parameters must be S11 = S22 = 0, and S12 = S21 = 0.707. :

a. Find the element values R1l, R2 and R3.:

b. What function can the twoport perform?
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Method of using &

R R, Rz o)
oI A A M,
SR,
. - 7@5 I © —O

¢ —
Y&/ = \/ ?3 EZ, |
A —¥X, R P2 _ f?:

\(&n - j—h @5‘ - zz' j
-~ {}257“/?22 —-27’ E_S |
2@}2? \_,

2 2. - »
e S, T S, =0, Re — ¥22 *Q,ES/? =

" ! > 2 _
T Sh - Sk, RT-RE-2ERR=O

Ke = \Z EZ |
/222% “}7,% — 21z @\% R =0

, ‘}22 =2VZ R = 4l b2

fzs\"‘LHZ Q,Uﬁ_!l
Ry = Rs - “Q—‘-/?z = 8.58.52

2= =1 -2Y%, - 7? =
£ 2
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2.a. Find the z,matrix of the twoport shown.

b. Find its scattering matrix if it is connected between terminations Rl = 1 k.52
and R2 = 4 k<. ' '

c. What function does the twoport perform?

& o——A/\\\ a—y Yy P—
% | <iem |2 e
\/\ { L 0.5V, ’<‘_’> O’g\/l =] k2 \/Q_
~o—14 | S

| -9 ©
So the ciraut 4 a %/\falw,w;ﬂ
C= 2 by, Dilee B Ry =4 ks* =13

| o~ 7
;\5/5 loj"
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POINT OF INTEREST: The Vector Network Analyzer

mswmdpuﬁvendmmhmbemedwithavmm
Mm,wmuam(ufwﬁ)chmdnﬁumwmdmdeﬁpedwmbwm
and phase of the transmitted and reflected waves from the network. A simplified block diagram of
a network analyzer similar to the HP8510 system is shown below. lnopaaﬁm.theRFl.oumeis
usually set to sweep over a specified bandwidth. Afow-ponmﬂmmplsd.:emddem.
mw,wmmummammm:mmwummmml
2. Four dual-conversion channels convert these signals to 100 kHz IF frequencies, which

or
mp::ndeteaedandmvmcdtodiginﬂfam. A powerful internal compater is used to calculate
20 Mz 7 100 ki
IstIF 20IF,
GipSy) Ref.
(11, 512
' 3X
Test 1
: Port ' o[ x5
Device 2
O{ under O amp hoid
Port and
E . input X
; Test selector || Test AD
det. 1 Y] conv.
\ m: - (53, S) o t : ! !
source
f REV 1 -
: 2 ) ] 199 and egror
Harmonic B P MHz cormrection
AP 4 S
Phase Panel
Jock control Display

}+—— RF source and test set ——~}+————— IF processing —————+}+——— Digital processing ———]

and display the magnitude and phase of the S parameters, ar other quantities that can be derived
from the S parameters, such as SWR, return loss, group delay, impedance, etc. An important
feature of this network analyzer is fhe substantial improvement in accyracy made possible with
error comrecting software. Errors caused by directional coupler mismatch, imperfect directivity,
Joss, and variations in the frequency response of the analyzer system are accounted for by using
a twelve-term esror model and a calibration procedure. Another, useful feature is the capability to,
determine the time domain response of the network by calculating the inverse Fourier transform

of the frequency domain data.




